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Abstract— Parallel prefix adders (PPA) are considered 

effective combinational circuits for performing the binary 

addition of two multi-bit numbers. These adders are widely 

used in arithmetic-logic units, which are parts of modern 

processors, such as microprocessors, digital signal 

processors, etc. This paper deals with Kogge-Stone adder, 

which is one of the fastest PPA. When performing the 

schematic implementation, this adder has a large hardware 

complexity. Therefore, in this work for reducing its 

hardware complexity the scheme of modified PPA has been 

developed. The performance parameters considered for the 

comparative analysis of the presented adders are: the 

number of logic gates, Quine-complexity and maximum 

delay obtained.  Functionality verification and its synthesis 

are done using Xilinx 13.2.  
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I. Introduction 

 

The hardware implementation of binary addition is a 

fundamental architectural component in many processors, such 

as microprocessors, digital signal processors, mobile devices 

and other hardware applications [Error! Reference source not 

found.]. In these systems when building arithmetic logic unit 

(ALU), adders play an important role for performing the basic 

arithmetic operations, such as addition, subtraction, 

multiplication, division, etc. [Error! Reference source not 

found.]. Therefore, the hardware implementation of an effective 

adder is necessary to increase the performance of ALU and, 

consequently, the processor itself as a whole. Currently, a 

parallel prefix adder (PPA) is considered effective adder for 

performing the addition of two multi-bit numbers. Circuit 

complexity and the speed of PPA are important parameters at 

the stage of efficient hardware implementation and, therefore, in 

recent years various types of PPA with different characteristics 

of the parameters have been developed while performing the 

binary addition. However, for estimation of hardware costs this 

adder has a great number of logic gates and Quine-complexity 

used in the schematic implementation. Therefore, in the present 

work for reducing its hardware complexity a modified parallel 

prefix adder is developed. Then, the comparison of the two 

presented adders is made by the following parameters: the 

number of logic gates, Quine-complexity, as well as the delay 

obtained by simulation in Quartus II CAD environment based 

on FPGA Altera EP2C15AF484C6. A perspective architecture 

is proposed for schematic implementation of various PPA. And 

derivation of the formulas is also described for computing the 

hardware characteristics which are dependent on the bit width of 

input operands of the presented adders. 

 

II. Architecture Of The Parallel Prefix Adder 

 

Parallel prefix adder (PPA) is a multi-bit carry-propagate adder 

which is used for parallel addition of two multi-bit numbers. 

PPA extend the generated and propagated logic of the carry 

look-ahead adder to perform addition even faster [4]. As the 

basic schematic structure of the various PPA, perspective 

architecture is analyzed, it consists of three stages (Figure 1) 

[5]: pre-processing stage, prefix computation stage and final 

processing stage. Let consider each stage in more detail. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. Architecture of the parallel prefix adder 

 

 

In this paper Kogge-Stone adder [3] is investigated, which 

At the pre-processing stage, carry-generate gi and carry- 

 

is one of the known effective fastest PPA.  Kogge-Stone is  

widely and efficiently used. Such an adder has minimum delay propagate hi signals are computed for each pair of input  
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operands Ai and Bi . The calculation of these signals is 

described by the following corresponding logical equations: 

 

 

gi  Ai  Bi ; i  0,1,2,...,n  

1   (1.1)  

 

hi  Ai  Bi ; i  0,1,2,...,n  

1   (1.2)  

At the prefix computation stage, group carry-generate Gi:k  

and group carry-propagate Hi:k signals are calculated for each  

bit by the following equations:       
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The final processing stage involves the formation of output 

carries and sum-values for each individual operand bit. The 

 

is defined as the following equations 

 

P
i  

G
i:0  (1.5) 

S
i  

h
i  

P
i 1 (1.6) 

Where, P 1 is carry-in ( Pin  0 ). 

 

In the framework of this paper, basic schematic nodes are used 

for greater visibility of the given architecture when constructing 

the presented adders. Figure 2 shows the basic schematic nodes: 

a black cell, a gray cell, a white cell and a circle. These 

schematic nodes are implemented by the logical equations at all 

stages of the given architecture. The number of logic gates and 

Quine-complexity of each schematic node are computed for 

estimation of hardware costs. In this work Quine-complexity is 

determined by the total number of inputs of all the logic gates 

used in the schematic nodes [Error! Reference source not 

found.]. And one can also calculate the number of logic gates 

used in them. 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Basic schematic nodes 

 

Figure 2 shows that a black cell contains 3 logic gates and 

Quine-complexity is 6, and a gray cell has 2 logic gates and 

 

Quine-complexity = 4. In these two cells, Gi:k and Hi:k 

 

signals are calculated for each bit by equations (1.3) m (1.4) at 

the prefix computation stage. By using these equations, a black 

cell and a gray cell receive inputs from the upper part of  

 

block spanning bits i : j and take inputs from the lower part 

 

spanning bits j  1 : k . Then, these schematic cells are 

 

combined to form a tree of generate and propagate signals for 

the entire block spanning bits i : k . So, the main challenge is 

to compute rapidly all the group generated signals G0:0 , G1:0 , 

G2:0 , G3:0 , . . . , Gn 1:0 . These signals, along with propagated 

signals H 0:0 , H1:0 , H 2:0 , H3:0 , . . . , Hn 1:0 are called 

 

prefixes [Error! Reference source not found.]. The network 

of these schematic nodes (black cell + gray cell) is a prefix 

tree.  The  white  cell  consists  of  2  logic  gates  and  Quine- 

complexity =  4,  it  serves  to  calculate  g and p signals  of 

 

i i 

input operands Ai and B i with equations (1.1) and (1.2) at the 

pre-processing stage. At the final stage for performing the 

 

results of the binary addition with equation (1.6) the circle 

consisting of one logic gate is used and Quine-complexity is 

equal 2. 

 

III. KOGGE-STONE ADDER 

 

Kogge-Stone adder is a parallel-prefix form carry look ahead 

adder [Error! Reference source not found.], which has a 

minimum delay. Kogge-Stone adder was developed by peter M. 

Kogge and Harold S. Stone which they published in 1973. This 

adder is widely used in high performance applications. The 

scheme of a 16-bit Kogge-Stone adder is shown in figure 3. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

expression for Pi and Si 

respectively: 
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Fig. 3. Scheme of a 16-bit Kogge-Stone adder 

 

This adder computes gi and hi signals for the pre-processing 

stage. Then at the first level (l  1) of prefix tree, 

Gi:k and Hi:k signals of 2-bit are computed within the same 

 

time. At the second level (l  2) of prefix tree, Gi:k and Hi:k of 4-

bit are calculated by using the result of 2-bit at level 1. 

Therefore, the actual carry-out value of the 4th bit would be 

available while the calculations at level 2 are being computed. 

At the third level  (l  3) of prefix tree, the carry-out of the 8th 

 

bit  is computed  by using the  4th bit  carry result.  The same 

method adopted at level 3 is applied to get carry-out values of 

the 16th bit in fourth level (l  4) and etc. All other carries of 

bit are also computed in parallel. Finally, at the final 

processing stage the sums are computed from these final carry-

out signals of the prefix tree. 

 

In the prefix tree the number of levels corresponds to 

l  log2 n and the number of schematic nodes (white cell + 

gray cell) will be ( k  [n(log2 n)  n 1] ). Quine-complexity 
Q
K .S  and the number of logic gates C in the Kogge-Stone 

 K .S   

adder are given by the following equation:  

C =  3n(log  n) –n+ 4 (1.7) 

K .S 2   

QK.S = 6n(log2 n) -2n + 8 (1.8) 

Figure 4 shows the scheme of a 32-bit Kogge-Stone adder 

 

with increasing the bit width of input operands more than 16 

bits. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4. Scheme of a 32-bit Kogge-Stone adder 

 

IV. MODIFIED PARALLEL PREFIX ADDER 

 

In the framework of this paper the modified parallel prefix adder 

is developed for reducing the hardware complexity of Kogge-

Stone adder. Figure 5 shows the scheme of a 16-bit modified 

parallel prefix adder. 

 

 

This adder first computes gi and hi signals for the first 

 

stage. Then at the first level of prefix tree, 
G
i:k   and  

H
i:k 

signals of 2-bit are computed at the same time, and then, it 

computes Gi :k and Hi:k signals for pairs of columns, then for 

blocks of 4, then for blocks of 8, then 16, and so on until the 

final 
G
i:k signal for every column is known. Finally, at the 

 

last stage this adder computes the sums together with the 

generated signals obtained from the previous prefix 

computation stage. The number of levels of the prefix tree 

corresponds to ( log2 n ) and the number of schematic nodes 

will be ( k  [( 

n log2 n  2) 

 
n

 1] ). The number of logic 

 

  

2     2   
gates

 
C
Modified 

PPA and Quine-complexity QModified PPA of this  

modified adder are calculated using the following equation:  

C
Modified PPA  

[
 

3n 

(log2 n  1)]  2n  2 (1.9) 

 

  

   2     

QModified PPA  3n(log2 n 1)  4n  4 (1.10)  

The scheme of a 32-bit modified parallel prefix adder is  

shown  in  Figure 6  with  increasing  the  bit  width  of input  

 

operands more than 16 bits. 
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Fig. 5. Scheme of a 16-bit modified parallel prefix adder 

 

The construction of the first level of the prefix tree of this adder 

is similar to the construction of Kogge-Stone adder. The main 

structural difference begins from the second level of the prefix 

tree. At the second level of the prefix tree, the groups of two 

schematic nodes are formed, at the 3rd level - groups compose 

four schematic nodes and at the 4th level – groups including 8 

schematic nodes, etc. 

 

 

Fig. 6. Scheme of a 32-bit modified parallel prefix adder 

 

V. The Comparison Of Parameters And Simulation 

Results Of PPA 

 

In the previous sections, the schemes of the multi-bit Kogge-

Stone adder were investigated and the schemes of the multi-bit 

modified parallel prefix adders were proposed. When 

performing their schematic implementation the derivation of 

formulas had already been described for estimation of the 

hardware parameters along with increasing the bit width of input 

operands. In the present section the comparison of the presented 

adders is performed by the following parameters: the number of 

logical elements and Quine-complexity as well as the maximum 

delay for output results when performing the addition, which are 

obtained by simulation in Quartus II CAD environment based 

on FPGA Altera EP2C15AF484C6. Tables 1 and 2 show the 

comparison of parameters and the results of timing simulation 

for the presented multi-bit PPA. 

TABLE I. COMPARISON OF PARAMETERS AND 

SIMULATION RESULTS FOR KOGGE-STONE ADDERS 

 

 

 

Type 

  
Parameters of Kogge-Stone 

adder    

 

         

 

Number Number of 

      

 

of 

 

Number 

Quine- Delay 

 

  

of levels schematic 

 

 

PPA 

 

of logic 

 

  

in prefix 

nodes in 

prefix complexity (ns) 

 

   

gates 

 

   

tree tree 

     

         

 16-bit 4 49 180 360  

13.31

9   

           

 32-bit 5 129 452 904  

15.72

9   

           

 64-bit 6 276 965 2184  

18.93

8   

           

TABLE II. COMPARISON OF PARAMETERS AND 

SIMULATION RESULTS FOR  

   MODIFIED PPA       

           

 

Type 

 
Parameters of Modified parallel prefix 

adder    

          

  

Number Number of 

Number 

     

 

of 

   

Delay 

  

  

of levels schematic Quine- 

   

  

of logic 

   

 PPA  

in prefix 

nodes in 

prefix 

complexit

y 

 

(ns) 

  

   

gates 

   

   

tree tree 

     

         

 16--bit  4 38 150 300  4.381   

           

 32-bit  5 95 350 700  7.813   

           

 64-bit  6 162 708 1596  8.947   
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From tables 1 and 2, it can be seen that the comparison of the 

multi-bit PPA in terms of operating speed indicates that Kogge-

Stone adder and the modified parallel prefix adder have similar 

characteristics of the maximum time delay. But in terms of 

hardware complexity, 16-bit modified parallel prefix adder 

gives reduction in the number of logic gates and Quine-

complexity by almost 17% compared to the 16-bit Kogge-Stone 

adder. Moreover with the schematic implementation of the 32-

bit PPA, the modified parallel prefix adder reduces hardware 

complexity by 22.5% compared to Kogge-Stone adder. 

 

VI. CONCLUSION 

 

In this article, the following tasks have been solved: analysis of 

the perspective architecture for constructing various multi-bit 

PPA schemes; derivation of formulas for estimating the 

hardware complexity of multi-bit PPA; 

 

schematic implementation of the standard 16-bit and 32-bit 

Kogge-Stone adders and schematics implementation of 16-bit 

and 32-bit modified parallel prefix adders. Then, a comparative 

analysis of parameters and simulation results of the presented 

adders have been carried out. As a result, researches have 

shown, that the modified parallel prefix adder proposed in the 

work has an advantage in terms of hardware complexity in 

comparison with the known structure of Kogge-Stone adder. 

Additionally, in terms of speed the proposed parallel prefix 

adder has the advantage over group-prefix and carry-lookahead 

adders, and famous as parallel prefix adders Sklansky and Brent-

Kung. 
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